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Abstract: The Brownian motion of a heavy quark under a rotating plasma corre- 
sponds to BTZ black hole is studied using holographic method from string theory. 
The heavy quark represented as the end of string at the boundary of BTZ black hole 
and the corresponding rotating plasma is two dimensional spacetime. The string 
fluctuation requires the angular velocity to be equal to the ratio between inner hori- 
zon and outer horizon, known as terminal velocity and also related to the zero total 
force condition. With this angular velocity, the string fluctuation solution has oscil- 
latory modes in time and radial coordinates. We show the displacement square of 
this solution behaves as a Brownian particle in non-relativistic limit. For relativistic 
case, we argue that it is more appropriate to compute just the the leading order 
of low frequency limit of random-random force correlator. The Brownian motion 
relates this correlator with physical observables: mass of Brownian particle, friction 
coefficient and temperature of the plasma. 
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1. Introduction 

AdS/CFT correspondence has been widely used to solve some problems in non- 
perturbative gauge theories. Some of the applications of AdS/CFT correspondence 
is related to heavy ion collisions experiments at RHIC and LHC [0]. The original 
proposal of AdS/CFT correpondence was formulated in the context of strongly cou- 
pled supersymmetric gauge theory and even more it was restricted to conformal field 
theory 0. However, it is believed that at very high energy all gauge theories, at 
least with gravity dual, share some universalities . One of the example is that the 
universality in the ratio between shear viscosity and entropy density 

A Quark Gluon Plasma (QGP) is created when two heavy ions collide at very 
high temperature. In this new state of matter, hadrons of the two heavy ions are 
disolved into a soup of quarks and gluons. A relatively heavy particle, e.g. a heavy 
quark, moves randomly in QGP as it collides with the constituent of QGP, quarks 
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and gluons. Its motion can be described by a well-known Brownian motion if its 
time evolution of the displacement square, s(t) = x(t) — x(0), is given as follows 



where 

1 

^relax ~ — , 70 = / dt -f(t), (1.2) 

70 Jo 

is the relaxation time of the Brownian particle, 7(t) is the memory kernel function [^], 

D = ^ (1.3) 

is the diffusion constant, T is the temperature, and m is the mass of Brownian 
particle. At early time, t ^ treiax, the Brownian particle is in balistic regime where 
the particle moves with constant velocity. At the late time, t ^ treiax, the particle is 
in diffusive regime and undergoes a random walk after collides with many particles 
of plasma's constituent. 

In particular the QGP that we would like to consider is strongly coupled and 
hence we will use AdS/CFT correspondence to compute the displacement square. In 
general, the AdS/CFT correspondence is a correspondence between strongly coupled 
gauge theory in d dimension and weakly coupled gravity theory in d + 1 dimension, 
with the background metric is Asymptotically AdS. An observable, O, of gauge 
theory, which is hard to be computed in strongly coupled system, can be easily 
computed in the corresponding weakly coupled gravity theory by solving equation of 
motion of the dual field, 0, in the gravity theory where its boundary value, 0(r — )• oo), 
acts as a source for the observable of gauge theory |[, 

with the boundary dAi where the gauge theory lives in is at r — )■ 00. At the present, 
we still don't have the corresponding gravity theory of QCD, the microscopic theory 
of QGP. However, with universalities of these gauge theories as mentioned above, 
we might be able to get some features of QGP qualitatively by computing using 
available gravity theories. 

There are many calculations have been done with gravity theories where the 
corresponding plasma is not rotating. However, it is also natural to think that QGP 
should also posses some angular momentum, see and reference there in. In this 
paper we would like to study the Brownian motion of an external quark in two 
dimensional rotating plasma where the corresponding gravity is three dimensional 



gravity with the background metric is BTZ black hole PH 
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2. Gravity Setup 



An external quark moving in a plasma can be presented by a fundamental string 
dangling from the boundary to the horizon of the background metric where the end 
of string at the boundary acts as a source for an external quark The length of 



this string related to the mass of the external quark. Therefore if the boundary is 
located near infinity, r — )■ oo, the external quark is very heavy. The dynamic of this 
string is classically given by the Nambu-Goto action 



with 



Sng = / da'\/{X.X')^-X^X'\ (2.1) 



• dX^dX'^ 
dX^dX^ 
dX^dX^ 



where o = (a^, cr^) is the string world sheet coordinate, is the spacetime coordi- 
nate, a' is related to the string length scale, and g^u is the background metric. 



The background metric, gfj_^, is given by BTZ black hole |T(]| : 



ds^ = -N^dt^ + -^dr^ + (N'^dt + d(f))\ 
iV^(r) = -M + ^ + ^, iVV) = -^, (2.5) 

with — oo<t<oo, 0<r<oo and < < 27r. M and J are the conserved charges 
with asymptotic invariance under time displacement (mass) and rotational (angular 
momentum) invariance. The Hawking temperature of BTZ black hole, which is 
interpreted as the temperature of the plasma, is given by 



T 



y-«2 ^2 



MP 



r± = y ^ ± -e, e = - j2/2^ (2.6) 

where r_ is the inner horizon and r+ is the outer horizon. From now on we will set 
the length square dimension P = 1 for convenient. 
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3. Small Fluctuation 



The Nambu-Goto action under the BTZ black hole, with axial gauge ((T°, a^) = (t, r), 
becomes 

(3.1) 



5 



7VG 



27ra' 



da' 



Under this axial gauge, we are left with one degree of freedom. So, the equation of 
motion for is the following: 



"dt 



d_ 

dr 



0. 



(3.2) 



3.1 Trivial Solution 

The trivial solution to the equation of motion (|3.2|) is given by 0(ct) = C where C 
is an arbitrary constant. If we take small fluctuation under this trivial solution such 
that = + C, \dt(p\ <^ 1, and \dr(p\ <^ 1, the Nambu-Goto action up to quadratic 
terms is given by 



s 



NG 



Ana' 



da' 



(3.3) 



(r2 - M) V - M) 

where we have kept only the quadratic terms that contribute to equation of motion. 
The equation of motion of the above Nambu-Goto action is 



2^2 



(r2 - M) ^iV2 (r2 - M) 



d_ 

dr 



+ — I r'N' 



Ar2 



r2-M 



0. 



(3.4) 



Writing the solution as 0(t, r) = e *'^*/w('^) and changing coordinates to s = — ^M, 
the equation of motion now becomes 

3 3 1 



+ 



2{s-Q) 2{s + Q) 2{s-P) 



A{s - Q){s + Q){s - P) 



(3.5) 



with P = and Q' = In general, the solution to this equation is very 

complicated. However for the extremal case, with \J\ = M oi Q = 0, the solution 
can be found analytically and it is given by 



(±) 



(3.6) 



with D = P (^P + joo'') and 2-^1 is hypergeometric function. Unfortunately, this 
hypergeometric solution is not oscillatory function which is supposed to be the solu- 
tion of this small fluctuation field or in another words this solution oscillates wildly 
and so it is not stable. 
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3.2 Linear Solution 

A non-trivial solution is given by the following linear ansatz 

(j)(t,r) = wt + ri{r), (3.7) 



where w is a constant angular velocity. Substitute this into equation (|3^ ) the solution 
for rj is 



where is a constant related to momentum conjugate of in r direction and is also 
interpreted as the total force experienced by the quark [|T2], |TB|. The negative sign 
in ( ^.81 ) is chosen to describe a drag force. In order to have physical solution for rj, 
it turns out that we must fix vr^ = rlj^NirNH)"^ , which is a positive number, where 

2 _ {M-Jw) 
'NH — i-nj2 ■ 

This non-trivial solution also has static solution at w = but its not equal to 
the above trivial solution. One can check that this static solution is curved with 

V (^) = ~ ^^2 _ ^2 ^(^2 _ ^2 ^ (2-9) 

and 

vrj = r^! = ^. (3.10) 

Therefore the static string feels some external force caused by the rotation of the 
black hole as much as 

F^^, = ^ = J—. (3.11) 

We must extract this external force in order to get the friction coefficient for non-zero 
w which is given by 

7omo = — — = 3.12 

^° ° 27ra'(l-w2) 27ra' ^ ' 

In deriving the friction coefficient, we have assumed that the momentum is non- 
relativistic, = itiqw, where mo is non-relativistic mass of the external quark. 

The equation of motion from the Nambu-Goto action after substituting the small 
fluctuation under this background, (p — )■ wt + rj{r) + 0, up to quadratic terms is quite 
complicated. One can check that for almost all values of w the solution does not 
have oscillatory modes in time since the equation contains terms with first derivative 
in time. However, there are values of w in which the equation of motion becomes 
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simple and they are solutions of J — 2Mw + Jw"^ = 0. We pick a solution w = r^/r^ 
since it is consistent with the constraint w"^ < 1. Then the equation of motion is 
simply given by 



d 



{N^ -r^{w + my) 



2^1/2 



(3.13) 



Note that this value is equal to the terminal angular velocity in the drag force formula 



where the total force acts on the external quark is equal to zero |]14[. Changing the 



coordinate to s = — r^, we obtain 



PQ<P" + ( i(Pg' - QP') + PQ'\ 0' - ^0 = 0, 



(3.14) 



with 



P = N^-r\w + N'''y = ^^s, Q = r^N^ = -{s + Os. (3.15) 
The solution is obtain by writing (f){t, s) = e~*'^*/^(s) and so the equation reduce 

to 

PQf" + {^liPQ' - QP') + PQ'^ fL + ^f. = 0. (3.16) 

Linearly independent solutions are given by 



(3.17) 



with = iQ^r^ ■ Recalling that r+ > r_, one can easily check that x is real. The 
explicit form of these oscillation modes are 



J U] 



2 W 



1 ± 



2ix 



1+ ji 



+ 2^ 



(3.18) 



Asymptotic behaviour of the solutions near the outer horizon (s — > 0) and boundary 
(s —J- oo) is 



1 + ^ + - 



(.->0) 
(s — 7- oo), 



(3.19) 



with 



4$r. 



ln(s) 
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4. Displacement Square 

In order to have a unique solution we must impose boundary conditions to our 



solution as in [|T8|. Writing the solution 

Us) = A[f^{s) + Bf-{s)], (4.1) 

with A and B are constants. After applying Neumann boundary condition near the 
boundary, s = Sc, to implement a UV-cutoff 9<j/^|s=s^, we obtain 

J, _ - ':^U + 2^xV^ (4gc)^ ^ 

(i + ff)e-2^xyi7+e(^^^yi^>j7f ■ 

Hence the constant B is merely a phase. Imposing the same Neumann boundary 
condition near the outer horizon at s/j = e, e <^ 1, we obtain 

5^eW = e-wMiA). (4.3) 

Imposing the second boundary condition will make the value of x discrete and it is 
given by Ax = j^^pj- In terms of u, the discreteness is 

4.1 Hawking Radiation 

In this section we are going to use the formula of Hawking Radiation of the string 
transverse modes near the outer horizon of BTZ black hole to describe the random 
motion of the external quark ||15|, |l^, |17|. As explained before, we are only interested 



in particular value of w = r_/r_^^ such that the Nambu-Goto action becomes 



r 



^NG = ~Z ; / dtdr ^ 77? "'^ TjK- (4.5) 

Ana' J (Ar2 _r2(ti; + Ar</')2)l/2 ^p^2 _ ^2^^ ^ p^^yf/^ 

Write the general solution as 

00 

<P{t,r)= J2 e-^"V.(r), (4.6) 

ui=—oo 

/^W=^?.[/j-(r) + e^^-/j(r)], (4.7) 



where the discreteness of u is given in ([4.4|) and g^^ is a function of u satisfying 
9-0, = 91, ■ 

From ( |3.19|) , near horizon (s ~ 0), we have 



0(t, s ^ 0) ~ ^ 9u. [e-*"(*-^*) + e*«-e-*"(*+^*)] . (4.^ 
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The right hand side in the above equation is divided into two terms. The first term 
is the "UP" modes and the second term is the "IN" modes. Because of Hawking 
radiation, the "UP" modes are excited. To see how much the "UP" modes are 
excited, we need to look at the Nambu-Goto action near the outer horizon. The 
Nambu-Goto action ( |4.5| ) becomes, for s — )■ 0, 

dtds. ( 1^ 1 _ (^^^ . (4.9) 



.(2) 



J2 



dt 



then the near horizon action becomes nor- 



Redefining the field to $ = ^ 
malized free scalar field 

For a canonically normalized free scalar field the mode expansions are 



(4.10) 



S =^ I dt I c/x ( $2 - 



E 



27m 

k = ——, n E Z, Vk = \k\, 



at, a\ 



^kl, 



(4.11) 



where L is the length of the system and we are taking periodic boundary condition. 
Following procedure in |]18[, we find k is discretized as 

4<r_ 1 



Ak 



J ln(l/e)' 



(4.12) 



Comparing this with Ak = 27t/L, we also obtain the effective size of the system L 
which is 



L 



J 



.ln(l/e) 



(4.13) 



Therefore, the near outer horizon solution is written as 



0(t,s ^ 0) 



23/2^3/2 /2^^^, 



Yln(l/e)Yv^ 



. (4.14) 



There are two modes in the solution: "UP" and "IN" modes. The "UP" modes are 
the > modes and the expectation value of the occupation number is given by the 
Bose-Einstein distribution: 

hi 



{alai) 



A; > 0, 



(4.15) 
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with /3 = a^^a • The "IN" modes (k < 0) just fall into the black hole where the the 
expectation value is zero. 

Comparing ( [4.8|) and ([4.14| ), we can write the general solution near outer horizon 
as k sum [|T8| 



s ^ 0) ~ [Gfce^(-"'=*+'=^*) + G'*e*K*-'=^*)] , (4. 16) 

A;=— 00 

where 

Gk>, = gk, Gk<, = gle'''\ (4.17) 

with 

03/2 3/2 \ I4.1«j 

Because gl. = g-k, this means that and = a_fc are related. 

4.2 Position of the Brownian particle 

The end point of coordinate at s = i? is given by 

<f>n = </>(t, s = R)= IT — ■ (4-19) 

— (1 + ^TTf ) ^ (e - 22Xv/^R+I) 

Using the relation ( [4.18| ) and ( |4.15| ), we get 
Then, we can compute 



^ii(t)</'i?(0)) = Y 



„ 73^(^2 + 4x2(i? + 0) ln(l/e) \el^^ - 1 1 - e'^- 



J2 7^ w /^f 2 I J2 :R+i^2^ V e^"^ - 1 1 - e^/^^ 



(4.21) 



The integral above is devergence. We need to regularize it by normal ordering the 
a, oscillator (: a,,)o!, aJ.ctaj The normal order correlator becomes 



2 cos(a;t) 
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The displacement squared, s(ty = {[(pRit) — </)r(0)]^), is 



^reg 



(4.23) 



with 

/i = 4 
and we have defined 



dx 



sin^(^) 



x(l + a^x^) — 1 



rfxsin^(^) 
X — 1 



X = /3ijJ, 



/3' 



(4.24) 



(4.25) 



The evaluation of these integrals and their behavior for i? ^ 1 or a ^ 1 can be found 
in Appendix B of [l^. Therefore, if ^ 1, Sregi^Y has the following behavior: 



reg it) 



J^R%)i/2pt^ + O (^;^) (t < /3) 

^t + o(log|) (t»/3). 



(4.26) 



One can check that the displacement square ( [4.26| ) is consistent with the non- 
rotating case computed in simply by setting J = or r_ = 0, which also implies 
w = 0. Using this we can write^ 



^reg{t) 



(4.27) 



with p1 = 1 + -r^. This is similar to the one calculated in [ITH] by recalling that we 



MP- 

are using cj) coordinate which is dimensionless. 

Next, we would like to write the displacement square ( [4.26| ) in terms of physical 
variabels. To do so, we compute the mass of external particle using the total energy 
and momentum of the string under the background metric ( p.5|) which are given 

by m 



E 



with 



dr TT 



1 1 



2-Ka' 



dr ttS 



-9 

Qrr 



{9t4 - gttg<f,4,) 



-9 



9tt + 



'-9 



9t<i> + 



(4.28) 

(4.29) 
(4.30) 



^Here, we write back P by examining the dimension of all variables. 
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For linear solution, (f){t, r) = wt + i]{r), with w = r^/r^ and so rj' = 0, we obtain 

E = (4.31) 
The mass is then defined as 

< = E'-pI = ( -V^y. (4.32) 

Writing in terms of physical mass mo ~ , for large R, and temperature T, 
asymptotic time behaviour of the displacement squared is 

Sre,{tr^\{^) (4.33) 




{t > Q, 

where the diffusion constant is given by 

D = ^T. (4.34) 

So, if the Sutherland-Einstein relation holds then the relaxation time of Brownian 
particle is given by 

= - = (4.35) 

7o n 



One can check that the friction coefficient is the same as in ( |3.12 ) for terminal angular 



velocity. Hence we have shown that small fiuctuation around the linear solution at 
the boundary of BTZ black hole, for terminal angular velocity, behaves as a Brownian 
particle although the result ( ^4.33| ), in the balistic regime, is different by a factor of 

( —jT- j compared to the standard formula of (|1.1|) . 
5. Random- Random Force Correlator 

The derivation of the displacement square in the previous section is rather tedious 
since we have to perform the integral over the whole frequency uj. This is even more 
complicated if we consider the charge rotating black holes or higher dimensional black 
holes with more than one spatial coordinates for the Brownian motion. Another way 
to prove the Brownian motion of a particle which is by computing low frequency 
limit of the correlation function of random-random force in the Langevin equation. 

Asymptotic behavior of the displacement formula for Brownian motion can be 
derived from the Langevin equation^ 

^ = -j,p + R(t) + Kit), (5.1) 



^This standard Langevin equation can be obtained from the generalized Langevin equation by 
taking zero frequency limit of the memory kernel 7(i) jl^. Although it is constant, in general, the 



friction coefficient can depend on momentum or velocity as shown in |12 for the boundary metric 
where spacetime dimension d ^ A. 
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where 70 is the friction coefficient, R{t) is the random force, and K{t) is the external 
force. The random force is the fluctuation part of the Langevin equation which takes 
the following properties 0: 

{Rit)) = 0, {R{t)R{t'))=p{t-t') (5.2) 

or in frequency modes 

{R{uj)R{uj')) = 2nS{uj - uj')p{uj). (5.3) 

Assuming that p{t) is a very sharp maximum function at t = and the equipartition 
of energy, one will obtain 

/+00 
p(t)dt = hm p(Lo) = 27omT, (5.4) 

where m is the mass of Brownian particle and T is the temperature of the fluid. A 
detail derivation can be read in Appendix ^ and we also show there that the Brownian 
displacement formula can be derived simply using the Langevin equation (|5.1|) and 
low frequency limit random-random force correlator (|5.4| ). So, to proof that our 
system behaves as Brownian particle we just need to compute the friction coefficient 
7o, which in holographic can be extracted from the drag force formula [[131, HH ot by 



turning on world- volume electric field ||T^ , and the mass of Brownian particle then 
compute p(0) and check if the relation (|5.4|) is satisfied. 

5.1 Non-rotating BTZ black hole 

As an example, we consider a non-rotating BTZ black hole with the following metric 
ds^ = -(r^ - M^)dt^ + —1—dr^ + r^dX\ (5.5) 

T = ^, (5.6) 

27r' ^ ' 

where M the horizon and T is the Hawking temperature. Taking fluctuation over the 
static solution, X = X' = 0, as such the collerator of two random force in frequency 
mode is given by [|18] 

" 1 



{R{uj)R{uj')) = 27rS{uj + uj') 
Therefore we obtain that 



— 47rT^ + O(io) 
a 



(5.7) 



p(0) = —4nT\ 
a' 



From the drag force computation in |T2[, we have in non-relativistic limit 



Substituting this to ( |5.8| ) and using the Hawking temperature formula, we get the 
same equation as in (|5.4| ). 
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5.2 Rotating BTZ black hole 

As we mentioned before, the fluctuation is taken over terminal angular velocity re- 
lated to the zero total force configuration. This is to simplify our computation as 
such only the fluctuation parts is present in the Langevin equation. Explicitly one 
can consider the position of the external quark into two parts: classical and fluc- 
tuation part, X = X class + SX, which imply to separation of the momentum into 
P = Pciass + Sp- Hence the Langevin equation can be written as 

^ = -70 Pdass + Kit) - 70 5p + Rit). (5.10) 

In the rotating case K{t) ^ since the fluid is rotated due to the rotation of the black 
hole. To cancel K{t), we must fixed the angular velocity such that 70 Pdass = K(t), 
or corresponds to vr^ = 0, which is given by the terminal angular velocity w = r_/r^ 
and it turns out that rj^jj- — )■ for this value of w, see section 13? 



The action ( |4.5|) can be derived by considering small fluctuation over a static 
classical solution with the following metric 

or in a simple form 




^2 ^2 ^ ^2 ^ 



dr' 



(5.12) 

with the Hawking temperature turns out to be equal to the Hawking temperature of 
rotating BTZ black hole. This metric behaves differently from the non-rotating BTZ 
black hole at r — )■ 00 therefore it is not AdS at the boundary. Nevertheless, lets loose 
a bit the requirement of AdS space at the boundary for the Holographic Brownian 
motion and check if we get the same result in particular for the friction coefficient 
derived from the drag force formula. Repeating the derivation of admittance in , 
with a careful treatment at the boundary, one will obtain 

7o = lim-^ = -^ (5.13) 

which is the same as the friction coefficient (|3.12|) , for terminal angular velocity. 
Therefore we can compute 

P(0) = ^ = 27omoT (5.14) 

and we once more satisfy the formula ( [5. 41) which implies the Brownian motion of 
the external quark. 
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6. Discussion and Conclusion 



The displacement square of string fluctuation at the boundary, ( ^4.33| ), asymptoti- 



cally showed behaviours like a Brownian particle. In comparison with the standard 
asymptotic behaviour, its early times gets multiplied by a factor of 

We can write this factor in terms of terminal angular velocity w = r_/r^ such that 
the multiplication factor becomes (1 — w^)^/^. Notice that the Brownian motion 
formula was originally derived under non-relativistic assumption, see Appendix ^ 
Therefore in non-relativistic limit, w — )■ 0, we get back the displacement square as 
in 

An interesting question is whether the relativistic version of the displacement 
square still have the same formula as in ( p..l|) or it gets modifled by some power 
of Lorentz factor, 7 = 1/a/1 — w"^. In relativistic, the friction coefficient computed 
from the drag force formula is multiplied by a factor of 7"^ where the momentum 
is defined as = rrirW = 'juiqw. However, the quantity 70^0 does not change its 
form in the relativistic version since 70 ~ ttIq^ and so the diffusion constant is given 
by the same formula 

T 

D = , 7omo = 7r"^r- (6.2) 

We could then expect that the asymptotic behaviour of the displacement square in 
diffusive regime would be the same as in non-relativistic case ( |1 . 1| ) . Indeed, we found 
that our Holographic calculation ( [4.33| ), which is basically relativistic, showed that 
they are the same. 

However, the displacement square of our Holographic calculation in balistic 
regime gets multiplied by a factor of 7"^ after substituting mo = mr/7. Naively, 
we would expect that both the regimes changes in the same way. If we define an 
effective mass 

;i _ ^2)3/2 

such that an effective friction coefficient defined as 



^eff = - — r:^^ (6.3) 



7e// = 7o(l - w'^f^ ^D = (6.4) 

thus we obtain that both the regimes does not change their forms. Another reason 
that both regime should retain their forms is because we have computed the fiuctua- 
tion in the rest frame of the string that co-rotating with the BTZ black hole. In this 

^Note that since the boundary metric is two-dimensional "Minkowski" , our Holographic calcu- 
lation by itself is relativistic. 
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co-rotating frame, the string profile is a straight hne that moving with a constant 
angular terminal velocity. So, locally the calculation is more or less similar to the 
case of non-rotating BTZ black hole as in regardless of the effective geometry 
( ^.12 ) is different from the non-rotating BTZ black hole. Hence the displacement 



square must have the similar form as in ( |1.1| ) with observables, such as mass and 
friction coefficient, are defined in their relativistic form. Therefore we are tempted 
to identify the effective mass as an relativistic mass. An upshot of this we found that 
the relativistic mass of the external quark is multiplied by the Lorentz factor 7 to the 
power three instead of the usual 7^, = 7^mo. This peculiar power of the Lorentz 
factor also appears in a study of the screening length in four dimensional Kerr-AdS 



black hole though the related observable is the mass of the black holes. 

As a resolution to this problem, we took an approach to analyze the Brownian 
motion through low frequency limit of the random-random force correlator. The 
calculation is more simple since we only have to look at the leading order in low fre- 
quency limit of the random-random force correlator and check if it satisfies equation 
( [5.4| ). Another advantage of this approach is that the formula ( [5.4| ) does not change 
its form in case of relativistic or, in general, under any defined effective mass, e.g. 
( |6.3|) , in condition that we also redefine the friction coefficient to an effective friction 
coefficient, e.g. (|6.4| ). 



One could also argue that the peculiar power of Lorentz factor appears because 
our calculation is not fully relativistic since the Brownian motion we considered here 
is non-relativistic as described in Appendix 0. Therefore one need to consider the 
relativistic Brownian motion to get the right asymptotic behaviour of the displace- 



ment square |21, 22 1. Further more, we have assumed that the Brownian motion 
or Langevin equation is linear in our calculation while the friction coefficient ( p.l2| ) 
depends on angular velocity. For angular velocity dependent friction coefficient, one 
need to consider non-linear Brownian motion with the following non-linear Langevin 



equation |23 



m— = -^{u)u + ^{u)^{t), (6.5) 

where 7(m) is the velocity dependent friction coefficient, ip{u) is noise function, and 
^{t) is the noise. There has to be some relations between friction coefficient and the 
noise function for a given statistic of the noise by a general fluctuation-dissipation 



theorem One of those relations is derived by Dubkov, Hanggi, and Goychuk 

in pSf such that the friction coefficient is constant only if the noise function is an 
additive noise source, ipi^u) = 1, for white Gaussian noise, (^(t)^(t')) ~ '^(^ ~ t'): 
and so it will reproduce the Einstein- Sutherland relation. However, the relativistic 
and/or non-linear Brownian motion are beyond our current work. 

Nevertheless, it is interesting to study why the power of Lorentz factor behaves 
unusual for observable such as mass in the compact coordinate of rotating black holes. 
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Another interesting thing is to check whether this behaviour still holds for higher 
dimensional rotating black holes and/or for charged rotating black holes. These will 
be explored more in our future works. 



Acknowledgments 

We would like to thank the organizer of CTPNP 2012,UGM-Yogyakarta, for the 
opportunity to present some of our work. 

A. Non-relativistic Brownian Motion 

A main attention in the formulation of Brownian motion has always been about com- 
putation of the mean square value of the displacement of particle. The formula was 
first derived by Einstein in the case of free particle for late times . A generalization 



for all times, in our notation, was given by Ornstein and Fiirth independently |27 



= ^ (7ot - 1 + e-^«*) , (A.l) 

where k is Boltzmann's constant which was set to be one in our Holographic Brownian 
motion. There are several ways to derived it and in this section we are going to use 
the momentum method following the derivation by Uhlenbeck and Ornstein 

Before computing the displacement square, we are first calculating the mean 
(square) value of velocity {u) ((m^)). Rewriting the Langevin equation ( ^^11) without 
external force as follows: 

^ + 7oM = A(t), (A.2) 
with A{t) = R{t)/m, we find the solution 

u = Moe-^°* + e-^«* [ e^««A(C)c/C, (A.3) 
Jo 

where Uq is the velocity of Brownian particle at t = 0. Its mean value is given by 

{ur = uoe-^°\ (A.4) 

{uY' = ule-'^^' + e-2^°* r re^°(^»+^^)(A(Co)A(Ci))rfCo^^Ci- (A.5) 

Jo Jo 



Defining new variables Co + Ci = Co ^ Ci = the integral in ( [A. 51 ) becomes 



2 Jo J-oo ^ ' 27om2 ^ ) ^ > 
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Here,we have taken the second integral from J^^ dw to dw under an assumption 
that p(t) is considered as rapidly decreasing function. A requirement from equipar- 
tition theorem, at late times, the mean square of velocity must have 

hm = — (A.7) 

i-5-oo m 

and so we obtain a constant 

-oo 

p{w) dw = p(0) = 2-fomkT. (A.8) 

o 

Integrating ( |A.3| ) to get the position or displacement 

s = x-xo = —{l- - ^ r e^«'^A(C)rfC + — t A{C)dC, (A.9) 

7o 7o Jo 7o Jo 

where xq is the initial position of the Brownian particle at t = 0. The mean value of 
position is 

= (A.IO) 

7o 

Taking the average over initial velocity Uq, with = and = ^ = 2^^^, the 
displacement becomes 

(i) = 0, (A.12) 
P(0) 



= ^ (7ot - 1 + e-^o*) . (A. 13) 

Hence we obtain formula for the mean square displacement at all times and so its 
asymptotic time behaviour is given by ( |1.1| ). In our Holographic calculation we use 
the natural unit k = 1. 
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